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Kingman Coalescent

For each n > 1, let F, = {1,2,...,n} and &, denote the collection of equivalence
relations of F,,. Each element of &,, is thus a subset of F,, X E,,. For example, in
the case of n = 3, the set

{(17 1)7 (27 2)7 <37 3)7 (]‘7 3)7 (37 ]‘>}

defines an equivalence relation that results in two equivalence classes {1,3} and
{2}. The set &, is clearly finite and its elements will be denoted by 7, &, etc.

In genetic applications, the equivalence relations are defined through the
ancestral structures. Two individuals are equivalent if they have the same ancestor
at some time t in the past. For &, in &, we write £ < n if n is obtained from £ by
combining exactly two equivalence classes of £ into one. For distinct &,7 in &, set

_J L &<
en = 0, else.
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Let |£| be the number of equivalence classes induced by £. Define

— _(W)

Definition: Kingman's n-coalescent is a &,-valued, continuous-time, Markov
chain X; with infinitesimal matrix (ge¢y) starting at Xo = {(¢,7) : ¢ = 1,...,n}.
Kingman's coalescent corresponds to the limit process as n tends to infinity.

Let D(t) = | X,.

Then D; is a pure-death process with death rate

k
lim h'P{D(t+h)=k—1| D(t) =k} = ( ) k> 2.
h—0 2

k

5) with n(n + 6 — 1)/2 leads to Kingman'’s coalescent with mutation.

Replace (
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Tavaré’s Formula

Let t > 0, A, = 2100 and (a), = ala+1)--- (a+ k —1). Set

40(t) = P{D(t) = n}, pm(t) = (—1)"(2m — 1 + O)e~ "
It is obtained in Tavare [5] that for n > 1

Zp n+9)(m 1)

m!
m>n
For n = 0,
B =143 plt)(O)m_1yml.
m=1
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Bayesian Nonparametrics

Consider a random variable X with distribution depending on parameter 6.
In Bayesian statistics, the parameter is modelled as a random variable ©. This
reflects the basic principle of Bayesian statistics: all forms of uncertainty should be
expressed as randomness.

The distribution () of O is called the prior distribution.

Under a Bayesian model, data is generated in two stages, as

O~Q
X1, Xo,...|0 ~ iid with common distribution Pg.

Here the sequence X1, Xo, ... is conditionally i.i.d. or exchangeable.

The main objective is then to determine the posterior distribution, the
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conditional distribution of © given the data,

QO c | X;,=z;,i=1,...,n}.

This corresponds to parameter estimation in the classical approach.

A Bayesian nonparametric model is a Bayesian model with infinite dimensional
parametric space.

Examples include the space of probability measures and the space of probability
density functions.
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An Example

For any 6 > 0, let U;,Us,... be a sequence of iid random variables with
common distribution Beta(1,6). Set

V1 = Ul,Vn = (1 — Ul)(l — Un—l)Un7 mn Z 2.

Let S be Polish space and 1y a probability on S. The Dirichlet process (first
appeared in Ferguson [4]) with parameters 6, v is the random measure

©.@)
20,09 = Z Vi,
i=1
where &1,&o,... are i.i.d. with common distribution vy and is independent of

{Vi}i>1. Denote the law of =y, by Il ..

Clearly Zg ,, belongs to an infinite dimensional space. Thus Ilp ,, can serve as
a nonparametric prior.
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Fleming-Viot Process With Parent Independent Mutation

Let S be a compact metric space, C(S) be the set of continuous functions on
S, M;(S) the space of probability measures on S equipped with the usual weak
topology, and v a diffuse probability in M7(S). Consider operator A of the form

0
2

Af(x) = / (Fy) — F@))woldy), | e C(S).

Define

D = {u:u(u) = f(($, 1), f € C°(R), ¢ € C(S), u € My(S)},

where (¢, ) is the integration of ¢ with respect to 1 and Cy°(R) denotes the
set of all bounded, infinitely differentiable functions on R. Then the Fleming-
Viot process with parent independent mutation (FV process) is a pure atomic
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measure-valued Markov process with generator

Au(u) = (A5u(n) /o). + TEE g 6y, e,

where

Su(p)/op(e) = lim e™Hu((1 —e)p+edy) —u(m)},

(@, ) = (U, 1) — (&, )b, ),

and J, stands for the Dirac measure at z € S.

Theorem 1. (Ethier [I]) The Fleming-Viot process with parent independent
mutation is reversible with the Dirichlet process 1y ,,, as the reversible measure.
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Transition Function:

The probability transition function of the Fleming-Viot process has the form

P(tmuv dV) — d(e)(t)HQ,%(d V)

0 n
—|—§_:1dn(t) /Sn:u (day x - X dw”)Hn—I—H,gJFLn??n—I-@JFLnVO(d V).

where

N = %Z Oz,
i=1

A natural connection to Bayesian nonparametrics is the fact that
II n 0 turns out to be the posterior distribution of Dirichlet process
n‘|‘9,9+n77n‘|‘9+nV0
IIg ., given a sample of X; = z;,¢e=1,...,n.
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New Results in Favaro, F and Jenkins [3]

Main Questions

1 How to makes use of the observed sample of individuals to infer quantities
related to the genealogy of an additional unobservable sample?

2 How many non-mutant lineages would one expect a time ¢t ago if the initial
observable sample is enlarged by certain number of unobservable samples?

3 How many of these non-mutant lineages have small or large frequencies?
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Distributional Identity for D,,(t)

For any m > 1, let D,,(t) denote the pure death process in the Kingman
m-coalescent.

For any n > 1 let (Z7,...,Z*) be independent random variables identically
distributed according to a non-atomic probability measure. For any m > 1, let
Xm = (X1,...,X,,) be a random sample from a Dirichlet process with atomic
base measure Ovp + >, ;< 02>

The random variables (Z7, ..., Z*) denote the genetic types of the ancestors.

The composition of the sample X,,, can be described as follows. We denote by
{XT,..., X%, } the labels identifying the K, distinct types in X, which do not
coincide with any of the atoms Z's.
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Forany 7 =1,...,n, let

Mj,m: Z I[{Z;}(Xz)
1<2<m

denote the number of X,'s that coincide with the atom Z;-‘, and M,,, =

(M1 m, -, My m). Introduce the random variable
Rn,m — Z 1{M¢7m>0}- (1)
i=1

It is clear that R,, ,,, denotes the number of distinct types in the sample X,,, that
coincide with the atoms Z's.

— Typeset by Foil TEX — 14



Theorem 2. For any m > 1 let X,,, be a sample from a Dirichlet process with
atomic base measure Ovp+ ... 0z, forn > 0. Then, forr =0,... , min(n, m)

GO+ ) nn
PR, m=71]=r! O+ 7)o .

Furthermore,
d
Dm(t) — RD(t),m
for each t > 0, where {D(t) : t > 0} is the death process of the cardinality of
Kingman's coalescent starting from infinity.

Kingman’s Coalescent on the left hand side is represented
through the posterior distribution on the right.
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Refined Distributional ldentity

Noting that the process D,,(t) describes the non-mutant lineages surviving
from time O to time t (Griffiths [2]). Forany [ =1,...,m, let D, ,,,(t) denote the
number of non-mutant lineages having frequency [. Define

Rl,n,m — Z IL{MZ-,m:l}
1=1

In orther words R; ,, ,, denotes the number of distinct types in X,,, that coincide
with the atoms Z's and have frequency [. From the discussion above it is clear
that, given D(t) = n, D; ,,(t) has the same distribution as R; ,, ,,. Thus we obtain
that

d
Dl,m<t) — Rl,D(t),m7

Note that the random variable D; ,,,(t) represents a natural refinement of D,, () in
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the sense that

Din(t) =Y Diml(t).
=1

Theorem 3. fFor any m > 1 let X,, be a sample from a Dirichlet process

with atomic base measure Ovy + > ... 525% for n > 0. Then, for r =
0,...,min(n, [m/l]) -

min(n,|[m/l]) i\ (n :
o, ml i () (D) (0 + 1 =9 it
L D DR I

where min(n, [m/l]) denotes the minimum between n and the integer part of m/l.
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Conditional Distributional Identities

Let X,,, be a sample from a Dirichlet process with atomic base measure vy +
D 1<i<n 0z and, for any m' >0, let X,y = (Xint1s-- -, Ximtms) be an additional
sample. More precisely X,,,;, may be viewed as a sample from the conditional
distribution of the Dirichlet process with base measure Ovy + >, .., 02+, given

the initial sample X,,,. We denote by M; ..., = > 1.,/ ]l{Z;.‘}(Xm—l—i) the number
of X,,1;'s that coincide with the atom Z7, and we introduce the random variable

mn
Ryt = ) LM, it M, >0}
=1

which denotes the number of distinct types in the enlarged sample X,, ., =
{Xin, X,/ } that coincide with the atoms Z's. Similarly we introduce the following
random variable

~

Rt = Y Lina, 501 L(a; =1}

=1
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Theorem 4. Foranym > 1 and m' > 0 let X,,,,,v be a sample from a Dirichlet
process with atomic base measure Ovo + » |, 0z, forn > 0. Then one has

(i) forx =y, ..., min(n,y +m’)

PR — 2| R — ] (1 — gyt e OF M Do)

(9+n—1—m)(m/) ’
(ii) for x =0, ..., min(y, m’)
]P)[Rl ) = | Rl — y] — (Z)
M LM ((9 T m) -
Y
_1)i—(y—z) X 0 (141 N
x;( ) <y—z)( +n4+m—i(1+1))um

1=yY—x
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Therefore, R, ., and R, are sufficient to predict R, ,,4+, and Rl,n,m’r
respectively.

A direct application of this result leads to

PlDry g (1) = | D (t) = 9

— (n?f)(wnfly)<9+ji)<a:—y>(m+m’+9><y>P[Dm+m/<t>=m]

forany x = y,...,m+m’ and each ¢t > 0.

Generalizations to refined distributions involving frequencies can also be obtained
in similar manner.
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